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We propose a novel approach to the generation of electromagnetic oscillations by means of a
low-frequency pumping of two coupled linear oscillators. A theory of such generation mechanism is
proposed, and its feasibility is demonstrated by using coupled RLC oscillators. A comparison of the
theoretical results and the experimental data is presented.
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I. INTRODUCTION
The generation of a high-frequency electromagnetic os-
cillation by means of a conversion of a low-frequency
oscillation is widely used in many electronics applica-
tions. The frequency multiplication and the paramet-
ric frequency transformation are well known examples
of such approach. However, these and other similar so-
lutions are principally based on the usage of nonlinear
elements or media for the frequency conversion. This
complicates practical realization of the known frequency
conversion schemes with increasing the required output
frequency.
In this paper, we demonstrate that the generation of
electromagnetic oscillations is possible by using nonrecip-
rocally coupled linear oscillators only, where the coupling
coefficient is modulated in time at a frequency, which is
significantly lower than the natural frequencies of the os-
cillators. The electromagnetic oscillations excited at the
frequencies that are close to the natural frequencies. The
usage of linear oscillators simplifies practical realizations
of such generators.
It should be noted that the excitation of high-frequency
oscillations by low-frequency pumping of coupled linear
oscillators is unexpected and new result. It was common
opinion that only frequency that coincides with the fre-
quency of an external forcing can arise in such system.
However, as it is shown in the paper, the presence of
a nonreciprocal coupling between the oscillators changes
dramatically the system dynamics.
In the next section, we study dynamics of such sys-
tem theoretically. The mechanism of the excitation of
high-frequency oscillations is described in terms of so
called second-order resonances. Such resonances have
been studied so far mainly from the point of view of var-
ious dynamical systems [1 - 7] stability.
Results of the corresponding experimental study are
described in section III. Coupled RLC-oscillators made of
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lumped elements were used in the experiments. The nat-
ural frequencies of the oscillators and, consequently, the
frequencies of the output oscillation are around 20 MHz.
A stable high-frequency excitation was observed starting
from the modulation frequency of about 0.4 MHz. The
comparison of the theoretical and experimental data is
presented in this section as well. Section IV contains
discussions and conclusions.
II. THEORY
The dynamics of two coupled linear oscillators is de-
scribed by the following system of ordinary differential
equations for normalized coordinates x1 and x2
d2xk
dt2
+ δk
dxk
dt
+ ν2kxk + µk(t)xj = 0, κ = 1, 2, (1)
where j = 1 if k = 2, and j = 2 if k = 1, δk are the
damping coefficients, νk are the partial frequencies, µk(t)
are the coupling coefficients.
It is well known that in the case of the lossless oscil-
lators (δ1 = δ2 =0) and a constant coupling (µ1(t) =
µ01 = const, µ2(t) = µ02 = const), the system (1) is
characterized by the following natural frequencies
ω21,2 = [ν
2
1 + ν
2
2 ±
√
(ν21 − ν22 )2 + 4µ10µ20]/2 (2)
For our study, it is important that the frequencies ω1
and ω2 are different even for the case of identical oscilla-
tors: ν1 = ν2 and µ1 = µ2.
In order to determine other properties of the system
(1), we introduce a new variable
zk = xk exp(δkt/2), k = 1, 2, (3)
and rewrite equations (1) in the form:
d2zk
dt2
+ v2(1 + F )zk = µk(t)zj , (4)
where F = δ2/(4ν2). For simplicity, we suppose here
that ν1 = ν2 ≡ v and δ1 = δ2 ≡ δ
2The above equations can be further simplified by as-
suming a small coupling between the oscillators. This
allows applying the method of averaging [8]. According
to this method, we introduce a complex amplitude Bk(t),
which is related to zk(t) in the following way:
zk = Bk(t) exp[iνt+ iF t/(2ν)], (5)
where i =
√−1.
The corresponding system of the averaged equations
reads
dBk
dt
=
i
2ν
µkBj , k = 1, 2, (6)
where, like in (1) and (3), j = 1 if k = 2, and j = 2 if
k = 1.
By using the above equations it is easy to find that
d
dt
(
|B1|2 + |B2|2
)
= (7)
= 2 [µ1(t)− µ2(t)] Im [B1B∗2 exp(iΦ12] .
From (7) we note that if the coupling between the oscil-
lators is reciprocal (µ1(t) = µ2(t)), than
d
dt
(|B1|2 + |B2|2) = const (8)
Since |B1|2+ |B2|2) = const is proportional to the energy
stored in the oscillators, we can conclude from (7) and (8)
that a reciprocal pumping prevents an energy increase
in the coupled oscillators. It is also possible to prove
that such conclusion is valid for an arbitrary number of
nonidentical oscillators.
So, we can expect an excitation of high-frequency oscil-
lations only if µ1(t) 6= µ2(t). For simplicity, we consider a
nonreciprocal coupling between the oscillators when one
of the coefficients (µ1) changes with time and another
one is constant:
µ1(t) = µ10[1 +m cos(Ωt) (9)
µ2(t) = µ20
Here m is the modulation coefficients, Ω is the fre-
quency of the modulation.
Now we rewrite the system of equations (6) as a second
order differential equation:
d2B2
dt2
+
µ10µ20
4v2
[1 +m cos(Ωt)]B2 = 0 (10)
So we got a Mathieu-type equation, which properties are
well known. In particular, provided that the modulation
coefficientm is small and the following resonant condition
holds
Ω ≈ √µ10µ20/ν, (11)
the amplitude B2 increases as
B2 ∝ exp
m
√
µ10µ20
8ν
(12)
Taking into account the relation of the amplitude B2with
the initial coordinates x1 and x2 (see (3) and (5)), we find
that the excitation of high-frequency oscillations takes
place if the following threshold condition is fulfilled:
m
√
µ10µ20
4ν
> δ. (13)
The increment (α) of the oscillation build-up is
α =
m
√
µ10µ20
8ν
− δ
2
.
In order to better appreciate the condition (11), we note
that according to (2) the difference of the natural fre-
quencies (∆ω ≡ ω1 − ω2) for the considered case is
∆ω =
√
µ10µ20
v
,
and instead of (11) we have
Ω ≈ ∆ω. (14)
Thus, for the excitation of the high-frequency oscil-
lations the frequency of the modulation should be ap-
proximately equal to the difference between the natural
frequencies of the oscillators. This is the condition for
the existence of the secondary resonance in the system
(1).
Theoretical criteria (14) for the beginning of the gen-
eration coincide rather well with the one following from
computer simulations and experiments. Let us, at first,
consider results of numerical simulations of (1). The bi-
furcation diagram of this system on the parameter plane
of the frequency of modulation versus the coefficient of
the modulation is presented on Fig. 1 for different val-
ues of the coupling coefficients (µ01 = µ02 ≡ µ0). Note
that in the simulation, we put ν = 1. The correspond-
ing values of the difference frequency ∆ω are indicated
by arrows. It is clear that the minimum threshold for
the generation in terms of the modulation coefficient is
realized if the condition (14) is fulfilled. The threshold
is decreasing with increasing the permanent coupling be-
tween the oscillators, as it also follows from (13).
The time evolution of the oscillations in the system
is illustrated in Fig. 2. for the parameters of Fig 1,
Ω=0.04 and m =0.6. The intensity of the excited oscil-
lations increases exponentially. There is no saturation of
the intensity since(1) does not account for a particular
nonlinearity that can be responsible for the intensity sat-
uration. Dissipative nonlinearity, anharmonizm of the
oscillators, or limiting power of the pumping oscillator
can lead to a saturation of the intensity in a practical
implementation of such generator.
From Fig. 2, we note that the excited oscillation is
modulated. This modulation take places at the frequency
∆ω. This is the manifestation of the fact that a two-
frequency oscillation is simultaneously excited with the
frequencies close to the natural frequencies ω1 and ω2.
Since |ω1 − ω2| << ω1, ω2, the superposition of the oscil-
lations results in the observed modulation (beating).
3FIG. 1. Regions of parameters wherein the excitation of high-
frequency oscillations take place (gray).
FIG. 2. Build-up of the oscillation.
III. EXPERIMENT
For the first demonstration of the feasibility of the pro-
posed generation mechanism we used two coupled RLC-
oscillators as shown in Fig. 3. The partial frequencies
of the oscillators were equal to 19.935 MHz, and the Q-
factors of the unloaded first and second oscillators were
200 and 220, respectively. A coupling between the first
(L1, C1) and the second (L2,C2) oscillators is provided
by using a capacitor coupler (Cd1, Cd2, Cd3), a buffer
circuit and a modulator. The buffer circuit, implemented
using IC AD8009, acts as an isolator providing the trans-
fer coefficient is equal to 0 dB and -20 dB in the forward
and reverse direction, respectively. The modulator, based
on the FET BF998, is introduced to provide the modula-
tion of the coupling coefficient. The modulator is driven
by an external low-frequency oscillator.
FIG. 3. Circuit diagram of the generator.
The coupling from the second to the first oscillator is
provided in the same manner, but the modulator is not
introduced here.
We measured the natural frequencies of the coupled
oscillators when the modulation was not applied. These
frequencies are 19.656 MHz and 20.214 MHz. For sym-
metrical and constant coupling (µ01 = µ02 ≡ µ0) and
for the indicated value of ν it gives µ0/v
2=0.29. Such
value of the coupling coefficients follows also from the
characteristics of the capacitor dividers used in the ex-
perimental set up in Fig. 3.
An example of a comparison of the experimental and
theoretical bifurcation diagrams is given in Fig. 4. In the
experiment, the minimum modulation coefficient for the
generation onset is reached at the modulation frequency
of about 0.58MHz, which is rather close to the measured
value of ∆ω.
A typical waveform and the spectrum of the output
oscillation is shown on Fig. 5 and Fig. 6, respectively.
There are two intensive spectral components in the spec-
trum at the frequencies that are rather close to the nat-
ural frequencies indicated above. The superposition of
such harmonic components results in the modulation of
the output oscillation envelope as it is seen from Fig. 6.
The output power in our experiment is limited by the
power of the low-frequency oscillator used for the pump-
ing.
From our point of view, the experimental results com-
pletely confirm the results following from the presented
theoretical study.
IV. DISCUSSION AND CONCLUSION
The described mechanism of the generation of high-
frequency oscillations can be explained by using an en-
ergy diagram shown in Fig. 7. There are two energy
levels ℏω1 and ℏω2 that are determined by the natural
4FIG. 4. Calculated and measured boundaries of the arias,
where the excitation of the oscillation takes place.
FIG. 5. Waveform of the excited oscillation.
FIG. 6. Spectrum of the excited oscillation.
FIG. 7. Diagram of the generation in the pumped coupled
oscillators.
frequencies of the coupled oscillators. The width of the
levels are respectively ℏω1/Q1 and ℏω2/Q2, whereQ1 and
Q2 are quality factors of the oscillators. When pumping
with the energy ℏΩ is applied, the transition
ℏω2 + ℏΩ→ ℏω1 (15)
occurs leading to increasing the population of the higher-
lying level. Next, since there is a coupling between the
higher-lying and the lower-lying level, the transition
ℏω1 → ℏω2 (16)
also takes place. This process is accompanied by the ra-
diation on the frequency ω1−ω2. But the most important
is that due to (1), a feedback is realized in the system.
This feedback is the condition to realize a self-excitation
of high-frequency oscillations.
Next, since the coupling between the oscillators is not
reciprocal, there is always a population inversion of the
levels necessary for the development of the processes (15)
and (16). The population of the levels is saturated due
to a nonlinear effect.
When a load is connected, the system oscillates at the
frequencies ω1, ω2, and their combinations, what is also
seen from the spectrum of output oscillation in Fig. 6.
We have experimentally demonstrated the suggested
excitation mechanism by using conventional lamped elec-
tronic components. It allows us to excite oscillations at
the frequencies around 20 MHz by the external pumping
at the frequency of 0.58 MHz. Such realization is con-
venient from the point of view of reliable and detailed
comparison of the experimental data and the theoretical
results. The proposed method for generating electromag-
netic oscillations is very simple since it does not require
sophisticated nonlinear elements or media for its realiza-
tion. Therefore, this mechanism is especially interesting
for the development of generators for much higher fre-
quencies. For example, the availability of high-Q THz
resonators [9] and variety of Ka-band oscillators avail-
able for the pumping and modulators create a solid back-
ground for the development of THz generators based on
the proposed approach.
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